Mathematical programming representation has been recently used to describe the behavior of discrete event systems as well as their formal properties. This paper proposes approximate mathematical programming models for the simulation-optimization of flow lines with finite buffer capacities. The approximation exploits the concept of time buffer, modeled as a constraint that put into a temporal relationship the completion times of two jobs in a sample path. The main advantage of the proposed formulation is that it preserves its linearity even when used for buffer optimization in multistage flow lines. The solution of the approximate model can be used to obtain bounds on the variables of the exact model, to reduce its feasible region and hence the computation time to find the optimal buffer allocation for the line.
INTRODUCTION
Simulation is one of the most popular techniques to study the behavior of production systems in situations in which it is not possible to define mathematical expressions for describing the system behavior. Simulation allows to predict the behavior of production systems, given some defined working conditions and system parameters. Optimization, instead, allows to determine the best working conditions or system parameters, but it can be used only when a mathematical representation of the system behavior is available and does not allow to directly predict system performance. Optimization via simulation consists in applying iteratively two detached models until an optimality condition is reached: a simulation model for predicting the system performance and an optimization model for generating and selecting potential optimal solutions (Fu 2002 ) (Fu, Glover, and April 2005) .
The recent works (Chan and Schruben 2003) (Chan and Schruben 2008) on mathematical programming for modeling discrete event systems pave the way to the development of new formulations that can be used for optimization while the system performance measures are calculated at the same time. In (Matta 2008 ) the buffer allocation problem in flow lines has been modeled with both exact and approximate sim-opt models. The exact optimization model is a MILP model whose complexity increases as the number of simulated parts and the length of the line also increase. Thus, such a model has no practical application in complex real cases due to the computational effort it would require. The approximate optimization model, instead, is an LP model with a computational complexity affordable even if long lines are considered. In fact, the usage of the approximate model can allow the analysts to work mainly in the linear domain, thus taking the computational effort low. However, it is not described what the approximate formulation effectively represents and its relation with the exact one.
This paper deals with approximate modeling of queuing systems by mathematical programming formulations, exactly with the goal of finding the relations between the proposed approximate model and the exact model proposed in (Chan and Schruben 2008) . In particular, we develop two formulations for the simulation-optimization of a specific class of queuing systems: flow lines with finite buffer capacity. The first model is based on the standard concept of space buffer. The second model is an LP that exploits the concept of time buffer as an alternative way of modeling queues in discrete event systems. The relations between exact and approximate LP formulation are formally studied in the paper. An interesting result is that it is possible to move from the approximate model with time buffers to the exact one with space buffer. When the model is used for system optimization, the relations between exact and approximate LP formulations allow the analysts to identify the most interesting subset of feasible buffer capacity for each stage of the line. This result is particularly important since the exact model for the buffer allocation problem is, differently from performance evaluation exact models, a MILP model. In fact, the buffer capacity subsets identified by the approximate LP model can be used to reduce the feasible region (and hence reducing the computational burden) in solving the problem to find the optimal buffer space allocation in transfer lines.
The contribution of the paper resides in the strong characterization of a new concept of buffer (the time buffer concept) and in the definition of formal relations between exact and approximate formulations that are exploited to develop an effective bounding procedure. In the literature related to optimization of flow lines there is no method to derive the bounds for the optimal buffer capacities in flow lines composed of machines with generally distributed processing times.
The plan for this paper is the following. In Section 2 we formally define the analyzed system and the used notation. Section 3 and Section 4, respectively, present the exact and approximate LP formulation to simulate and optimize the flow line. The time buffer concept is also introduced in Section 4. In Section 5 the relations between exact and approximate formulations are discussed while the bounding procedure is described in Section 6. Numerical results on randomly generated instances are reported in Section 7. Section 8 concludes the paper.
ASSUMPTIONS AND NOTATION
We consider a flow line with J single-machine stages, on which N identical items have to be processed. The processing sequence is known in advance, i.e., no scheduling problem needs to be solved. In particular, item i is processed before item i + 1 on each machine of the line. The arrival time of each item, denoted by a i , and the processing times of each item on each machine j, denoted by t i j , are assumed known in advance from a random sampling or from a specific sample path. Since no scheduling decision is considered, a i ≤ a i+1 for all items i. After having been processed by the first machine, parts proceed to the second machine, then to the third and so forth until the last operation is performed at the last machine; finally parts leave the system. Starting and completion times of part i at machine j are denoted with x i j and y i j respectively.
Each machine j, excluding the first, has an incoming buffer B j−1 . The capacity of buffer B j is denoted with c j , and this includes also the part under processing at the machine j + 1. Part i has to wait in buffer B j−1 if machine j is busy in processing another part k (with k < i). The blocking before service control rule is assumed for machines (Dallery and Gershwin 1992) . Machines are perfectly reliable, i.e., no failure possibility is considered (which is the same as assuming failure possibilities with negligible repair times). Transportation times are considered negligible or already included in machining times. Finally, for sake of simplicity, the last machine is never blocked, thus parts completing their processing can always leave the system.
The performance measure considered in this paper is the mean production rate of the line (denoted with θ ), defined as the average number of parts produced by the line in a time window.
EXACT REPRESENTATIONS

Formulation for Exact Simulation of Flow Lines
A linear programming (LP) model is now described to simulate a generic open flow line with J machines separated by buffers with finite capacity. This simplified version of LP model can be obtained from (Chan and Schruben 2003) :
Constraints (2) simply impose that the service at the first machine cannot start before the arrival time of the same part at the system plus its processing time on the first machine. Constraints (3) mean that a machine cannot process two consecutive parts at the same time. Constraints (4) state that a part cannot be contemporary processed by two different machines at the same time. Constraints (5) impose that a part cannot leave a machine if the immediate downstream buffer is full. The solution of the linear problem provides the optimal values for decision variables y. Finishing times can assume only positive values in the real domain because the arrival times are nonnegative input parameters. The problem solution corresponds to the dynamic behavior of the discrete event system, i.e., the optimal values are exactly the finishing time events of machining operations in a real or simulated system that has the same sequence of parts, the same arrival events and the same processing times. See the work of Chan and Schruben for more details (Chan and Schruben 2008) .
A simulated sample path of the exact model is unequivocally determined by the tuple P = (S, E), where S and E represent the flow line configuration and the part characteristics respectively. In detail, S is a J − 1-dimensional vector containing the space buffer capacities, E is a tuple containing the vector of arrival times and the matrix of processing times at each machine for each part in the analyzed sample path. The mean production rate related to the sample path can be calculated after the LP model has been solved:
Formulation for Exact Buffer Capacity Optimization of Flow Lines
The optimization problem (i.e., the problem of choosing the optimal capacity for each buffer) is represented by the following MILP model (Matta 2008) :
where z jk is a binary variable equal to one if capacity k (with k = L j , ...,U j ) is assigned to queue B j and e j is the weight (i.e., cost) of unit capacity at queue B j ; values L j and U j are the bounds defined by the analyst of the optimization problem for the j − th buffer. The objective function is to minimize the weighted sum of the buffer capacities. Constraint (10) imposes that the mean throughput must be greater than or equal to a minimum value θ * . If z jk = 1, then all the constraints related to queue B j with assigned capacity equal to k are activated; otherwise, the constraint is made redundant by subtracting from the right-hand side the big M (8). Index d represents the end of the system warm-up, identifiable with well-known techniques. Finally, only one capacity k must be chosen for each buffer B j as imposed by equation (9). Notice that the only differences between the simulation and the optimization model are the objective function and the constraints (8) and (9) that substitute constraints (5). All these constraints refer to the buffer capacity. While in the simulation model, buffer capacity is a parameter (c j ), in the optimization model it is a decision variable (z jk ). Moreover, in the optimization model it is required a constraint on the minimum level of throughput, otherwise the system would select zero buffer capacity for each stage. Finally, notice that the larger is the number of available buffer capacity (i.e., the larger the difference U j − L j ), the larger is the number of constraints (8) and hence the more difficult will be to optimally solve the problem. Without any knowledge about the system, the only possibility not to "cut" the optimal solution out from the feasible region is to set L j = 1 and U j = N, but in real cases this choice results in a computationally infeasible problem. The approximate models presented in the next section will help to reduce the feasible region.
APPROXIMATE REPRESENTATIONS
Time Buffer
The exact formulation uses the concept of space buffer to simulate the behavior of the system. The space buffer is what is commonly thought of when speaking of buffer capacity, i.e., an available space, between two adjacent machines, where items can wait to be processed.
An alternative way of modeling the possibility for items to wait in a queue, before being processed on a machine, is the use of the time buffer. A time buffer can be considered as the time length an item can be started "in advance" on a machine before the successive machine is available for processing. Given two parts a and b to be processed in the sequence a → b (i.e., a precedes b), a time buffer of capacity s j in front of machine j + 1 forces the starting time of job b at machine j (denoted with x b j ) and finishing time of job a on machine j + 1 (denoted with y a, j+1 ) in the following way:
The above equation simply says that job b at machine j can start s j time units before the completion of job a at machine j + 1. When the time buffer is null, the two adjacent machines are perfectly synchronized. On the other hand, two machines are decoupled when there is an infinite time buffer between them. The main difference between space and time buffer is the fact that a space buffer of capacity m is always able to accommodate m items, independently from the system conditions. Also, the time spent by parts stored in the space buffer is not limited. On the contrary, the number of parts that, for instance, time buffer B j can store is not known a priori; in fact, it depends on the part flow arriving from machine j − 1 in a certain time window (equal to the time buffer) just before machine j ends its processing. Obviously, the time spent by parts in the time buffer is limited by its capacity.
Finally, notice that the time buffer concept introduced in this section is different from that adopted in manual assembly lines, which is mainly related to dimensioning the speed of the conveyor between two adjacent machines. The proposed time buffer is also different from the slack time in PERT graphs, which can be defined as the time available between the estimated completion time of the job and its due date.
Formulation for Approximate Simulation of Flow Lines
The approximate mathematical representation of a flow line that considers the time buffer concept is now introduced.
In equations (11) parameter s k j ∈ ℜ represents the time buffer capacity between machines j and j + 1 constraining the finishing times of parts i + k and i. Such formulation presents a specific time buffer capacity between two completion times at two adjacent machines. Time buffers constrain completion times distant at maximum lag c j . The only set of constraints that differs from the exact formulation is the one related with the buffer capacity. Indeed, the space buffer constraints (5) are replaced by the time buffer constraints (11).
A simulated sample path of the approximate model is unequivocally determined by the tuple P = (S , E ), where S and E represent the flow line configuration and the part characteristics respectively. Specifically, S is the matrix s containing time buffer capacities s k j ; E is a tuple containing the vector of arrival times and the matrix of processing times at each machine for each part in the analyzed sample path. After this LP model has been solved, an approximation of the mean production rate of the sample path can be calculated using equation (6).
It is well known in the literature that the throughput is a monotonic function of the space buffer. The same result holds for the time buffer model, as defined in the following property. Property 1 Let P = (S , E ) be an approximate formulation of a flow line sample path. The resulting throughput of the approximate model is a monotonic function of s k j , i.e., if the values of s k j increase for all k and j, the throughput cannot decrease and if the values of s k j decrease for all k and j, the throughput cannot increase.
Proof.
In the approximate model, if s k j increases for all k and j, constraints (11) allow finishing times y i, j+1 to decrease. Since this is applicable to each j and k, also y NJ is allowed to decrease. Hence, by equation (6), throughput θ cannot decrease. On the other way around, if s k j decrease for all k and j, constraints (11) force finishing times y i, j+1 to increase. Since this is applicable to each j and k, also y NJ is forced to increase. Hence, by equation (6), throughput θ cannot increase. Hence, the throughput is a monotonic function of the time buffer.
Formulation for Approximate Buffer Capacity Optimization of Flow Lines
As in the case of the space buffer formulation, by changing the approximate simulation model devised above, it is possible to obtain the approximate model for the optimization problem:
Equation (12) is the objective function, i.e., the minimization of the overall buffer costs. Again, the objective function is to minimize the weighted sum of the time buffer capacities. Constraints (13) prevent a part from leaving a machine if the immediate downstream time buffer is full. Index k is defined between 1 and an upper value K j defined by the analyst. Parameter K j cannot be larger than N obviously. As in the case of the exact optimization model, a throughput constraint is necessary to prevent the model to reach the "optimal" solution with zero cost, i.e., in which s variables are all null. The solution of this model is the array of time buffer capacities that minimize the total cost in equation (12) under the throughput constraint. Notice that if s k j is positive for some k, it means that a buffer B j , of some capacity, is needed. Starting from this observation, we will show in the next section how it is possible to obtain from the approximate optimal solution bounds L j and U j to reduce the feasible region in the space buffer domain.
RELATIONS BETWEEN SPACE AND TIME BUFFER MODELS
The aim of this section is to present some structural results that allow the analyst to map an approximate formulation to a set of exact formulations. Before illustrating the relations between exact and approximate formulations, notice that the performance measure θ cannot decrease if the feasible region of the problem is enlarged. This is proved in the following lemma. Lemma 1 Let P = (S, E) be an exact (or approximate) LP formulation of a flow line sample path. If the feasible region Ω, defined by constraints (1) -(5) (or by constraints (1) - (4), (11)) is enlarged to Ω by removing some of the constraints, the mean production rate θ on Ω is such that θ ≥ θ .
Proof.
If some constraints are removed, variables y are able to reach smaller values (we are dealing with a minimization problem). Since y NJ is the finishing time of the last part on the last machine, even if it does not directly decrease, it cannot increase if other y have reached possibly smaller values. Hence y NJ on Ω cannot be bigger than y NJ on Ω, which implies that θ ≥ θ .
Analogously, it can be proved that, if Ω is reduced to Ω by adding some constraints, the mean production rate cannot increase, i.e., θ ≤ θ . Theorem 1 Let P = (S, E) be an exact formulation of a flow line sample path, and let P = (S , E ) be an approximate formulation of the same flow line, with E = E . If the following inequalities are valid:
then θ ≥ θ . Analogously, if the following inequalities are valid:
It is easy to demonstrate that when the inequalities (14) are valid, the feasible region of the approximate formulation is larger than and contains that of the exact model. Constraints (5) and (11) can be rewritten as:
If the condition in (14) is true for all the possible values of k and j:
Using the above inequality, it is easy to demonstrate that equation (16) constrains more than equation (17). Thus, by Lemma 1 we can conclude that the production rate estimated by the approximate model is greater than or equal to that estimated by the exact model. The second part of the theorem can be proved in a similar way, hence we omit its demonstration.
The following theorem allows us to relate an approximate model having a certain time buffer configuration with an exact model having some defined performance. Theorem 2 Let P = (S , E ) be an approximate formulation of a flow line sample path, and s = [s k j ] be the matrix of the k-lag time buffer capacities between machines j and j + 1. Let also y i j , x i j and θ be the result of the approximate model. If there exists a value of c u j = 1, . . . , N − 1 for which the following inequalities are satisfied:
and a value of c l j = 1, . . . , N − 1 for which the following inequalities are satisfied:
then there is at least one space buffer configuration c j in the set c l j ≤ c j ≤ c u j having a throughput θ such that θ l ≤ θ ≤ θ u .
Given a value of c j , if condition (18) or condition (19) are valid then Theorem 1 can be applied to derive θ ≤ θ or θ ≥ θ . This result simply states that the approximate formulation of a flow line with a certain time buffer configuration overestimates or underestimate the throughput of a flow line modeled with space buffers having capacities equal to c j , being invariant arrival and processing times (i.e., E = E ). Notice that the conditions in (18) and (19) can be true for different values of c j .
Once s k j have been fixed, also the mean production rate of the approximate flow line is given. By applying Theorem 2, the bounding space buffer capacities to have the same performance, c l j and c u j , can be then determined. These values can be used in the space buffer MILP optimization model to reduce the problem search domain, i.e., to help the computational efficiency of solution algorithms. Notice, in fact, that c l j and c u j represent the bounds L j and U j used in Section 3.2.
BOUNDING PROCEDURE
In this section we describe a general procedure for the optimization of buffer capacities in flow lines.
1. Initialization: generate randomly arrival (a i ) and processing (t i j ) times for all the N parts of the sample path. Set the time buffer capacities to the upper feasible value (K j , with j = 1, . . . , J − 1). 2. Approximate optimization: solve the approximate optimization model (Section 4.3) on the sample path generated at step 1. Collect the time buffer capacity s * from the optimal solution. 3. Approximate simulation: solve the approximate simulation model (Section 4.2) using s * as an input parameter on the sample path generated at step 1. Collect variables x i j from the model solution (i = 1, . . . , N; j = 1, . . . , J − 1). 4. Bounding: apply equations (18) and (19) to calculate lower and upper bounds c l j and c u j for each buffer capacity ( j = 1, . . . , J − 1). In details, for each j, the parameter c j in equation (18) is fixed to 1 and inequality s k j < x i+1, j − x i+k, j is checked for each feasible i and k. If the inequality is verified for each i and k, hence c u j = 1. Otherwise, if it is not verified for some i or k, c j is increased by 1 and inequality s k j < x i+2, j − x i+k, j is checked, and so on until a value of c j for which s k j < x i+c j , j − x i+k, j is verified for each feasible i and k is found. The same is done to find the lower bound c l j , with the only difference that equation (19) is used for each j and each value of c j .
At the end of this procedure an optimization algorithm can be applied to the exact optimization model (Section 3.2) for finding out the optimal solution in the feasible area restricted by the calculated bounds. The use of the bounds should lead to a reduction of the computational time necessary to solve the optimal buffer capacity allocation problem.
NUMERICAL TESTS
Numerical tests on randomly generated instances were carried out to evaluate the strength of the bounds developed in the previous section. We executed three sets of experiments, considering different simulation settings in terms of number of machines in the line, saturation of the line and simulation type (terminating or steady-state).
The first set of experiments deals with a terminating simulation in a three machine flow line. We simulated the processing of 500 parts all available at time zero (i.e. saturated line with a i = 0, ∀i). Notice that the availability at time zero assumption does not reduce the generality of the experiment; similar results can be obtained by generating arrivals so that a i > 0. The computational times on the three machines have been assumed exponentially distributed with average values of 0.4, 0.5 and 0.2 time units respectively on the first, second and third machine of the line. The bottleneck is clearly the second machine and the maximum achievable throughput θ is therefore 2 parts per time unit. Using the approximate optimization model we found the optimal time buffers s * k j that allow to reach an a priori given value of θ * = 1.7 (Step Therefore, we can conclude that the approximation seems to improve in the high saturated areas, i.e., in those areas in which flow lines generally operate. The time for solving the approximate simulation and optimization models in Steps 2 and 3 is in the order of seconds (first end third experiment) or minutes (second experiment) on an Intel CoreTM2 Duo 2.53GHz 2.99 GB RAM.
CONCLUSION
In this paper we considered approximate and exact models to evaluate and optimize the performance of a flow line with finite buffer capacity. The exact model has been developed based on the well-know concept of space buffer, while in the approximate model we introduced the new concept of time buffer as an alternative way of modeling space buffer.
The relations between the two models have been formally studied to allow the analyst to move from one model to the other, i.e., to optimize the model in the approximate domain and use the optimization results to identify the most promising areas in the exact domain in which to intensify the search of the optimal solution to buffer allocation problem.
The results of numerical tests on random generated instances show the efficacy of the bounds given by the approximate model to reduce the feasible region for the space buffer capacity in the exact optimization model. A further step will be the assessment of the computational time saving that derives from the application of the bounding procedure in simulation-optimization algorithms such as OPTQUEST and COMPASS (Hong and Nelson 2006) . Furthermore, in this paper only a sample path is considered, however the proposed approximate model can be exploited to define bounds that take into account several replications under the stochastic programming framework. This subject is an ongoing research. 
